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Abstract

We incorporate the disease state and testing state into the formulation of a COVID-19
epidemic model. For this model, the basic reproduction number is identified and its
dependence on model parameters related to the testing process and isolation efficacy
is discussed. The relations between the basic reproduction number, the final epidemic
and peak sizes, and the model parameters are further explored numerically. We find
that fast test reporting does not always benefit the control of the COVID-19 epidemic
if good quarantine while awaiting test results is implemented. Moreover, the final
epidemic and peak sizes do not always increase along with the basic reproduction
number. Under some circumstances, lowering the basic reproduction number increases
the final epidemic and peak sizes. Our findings suggest that properly implementing
isolation for individuals who are waiting for their testing results would lower the basic
reproduction number as well as the final epidemic and peak sizes.
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1 Introduction

The Coronavirus Disease 2019 (COVID-19) was declared a global pandemic by the
World Health Organization (WHO) on March 11, 2020, and remains a global threat to
public health and economics worldwide (WHO 2022). Since early 2020, tremendous
efforts have been made to understand the spread patterns of COVID-19, and various
prevention and control strategies from mask-wearing and social distancing to massive
city lockdowns have been implemented in affected areas (Fanelli and Piazza 2020;
He et al. 2020; Jung et al. 2020; Li et al. 2020; Tang et al. 2020; Wang et al. 2020;
Wu et al. 2020). COVID-19 related data such as daily new cases, hospitalizations,
and deaths become crucial for policymakers and public health authorities to make
informed decisions on appropriate interventions and resource allocations (Farsalinos
et al. 2021).

Lab tests such as the polymerase chain reaction (PCR) test and at-home rapid tests
based either on molecular or on antigen technology have been used in many countries
to detect infection cases and assist clinical diagnosis (Web 2022). Testing processes
as well as prevention strategies and social behavior changes based on testing results
have greatly affected the dynamics of the COVID-19 epidemic (Lyng et al. 2021),
and hence, mathematical models of their effects and implications merit further study
(Akman et al. 2022; Gharouni et al. 2022).

In their recent work, Gharouni et al. proposed an SIR type model combining testing
and disease states to gain some insights into testing and isolation efficacy on the
effectiveness of controlling COVID-19 infection (Gharouni et al. 2022). Their model
used three disease states (susceptible, infectious, and recovered) and four testing states
(untested, waiting-for-positive, waiting-for-negative, and confirmed positive) to group
individuals. One assumption in this model is that the individuals who are waiting for
their test results do not change their disease states during the waiting period. This
assumption does not hold in reality because some individuals may change their disease
states; namely, an individual who was susceptible at the time of testing may get infected
and become infectious during the waiting period. Since the infection happens after
the testing, this individual may end up with a negative test result. After receiving a
negative result, this individual will not self-isolate, even though is infectious. As a
result, this individual is more likely to infect other individuals.

Assigning compartment-specific relative testing weights, Gharouni et al. showed
that under some circumstances, both increased testing intensity and faster test reporting
can reduce the effectiveness of control in the sense that the basic reproduction number
would be increased (Gharouni et al. 2022). Note that the basic reproduction number
cannot fully characterize the disease dynamics (Cui et al. 2019, 2022; Shaw and
Kennedy 2021). For epidemic models, besides the basic reproduction number, the peak
size and the final epidemic size are also very important for controlling and assessing
the disease (Arino et al. 2007). The final epidemic size and the basic reproduction
number are in general positively related in the homogeneous models (Cui et al. 2022),
but may be negatively correlated in some heterogeneous models (Cui et al. 2022,
2019).

In what follows, we will extend the model of Gharouni et al. by assuming that
individuals may change their disease states during the waiting period and characterize
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the properties of the basic reproduction number. We will also study how parameters
related to disease states and testing states affect the final and peak sizes.

The rest of this paper is organized as follows. In Sect. 2, we formulate our model
which is governed by a system of fifteen differential equations. Model analysis, includ-
ing the well-posedness of the model and studies of the basic reproduction number and
the final epidemic size relation, is presented in Sect. 3. In Sect. 4, we carry out some
numerical simulations to explore the effects of parameters on the basic reproduction
number, the final epidemic size, and the peak size. We summarize our findings in
Sect. 5.

2 Model formulation

As in the model of Gharouni et al., we consider three disease states (Susceptible,
Infectious and Recovered). However we use a slightly different model of testing:
we set the testing states as untested, waiting for results, received negative results,
or received positive results. Let X7 denote the population of each subcompartment
with X € {S, I, R} indicating disease state and T € {u, ws, w;, wy, n, p} indicating
testing state. Testing states are u, untested; w,, waiting with disease state x at time of
test and x € {s, i, r}; n, recently received negative results; and p, recently received
positive results. Specifically, individuals waiting for test results are subdivided into
Six compartments:

Sw,, susceptible individuals who were tested and are waiting for testing results;

I,;, infectious individuals who were tested and are waiting for testing results;

I, infectious individuals who were infected during their waiting period (the period
after the tests and before receiving testing results);

Ry, , individuals who were recovered at their time of testing and are waiting for testing
results;

Ry,;, individuals who were infectious at their time of testing and recovered during
their waiting period;

Ry, , individuals who were susceptible at their time of testing, became infectious and
recovered during their waiting period.

We further make the following assumptions:

(1) Infectivity is multiplied by factors n,, € [0, 1], ), € [0, 1], respectively, in the
classes I, , Iy,, I, due to quarantine and isolation, that is, the force of infection
A is given by

B [1u + 1oLy + Tuy) + Ly + npl,y]

A= ,
N

2.1)

where 17,, measures quarantine efficacy during the waiting period and 7, mea-
sures isolation efficacy for testing positive individuals, and N is the total
population;

(i1) Infection-induced death is negligible;
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Fig.1 Flow diagram for the transmission and testing of COVID-19

(iii) Random testing (Web 2022) is conducted across the untested population, namely,
each untested individual is equally likely to get tested.

Note that 7,= 0 or n, = 0 means the quarantine or isolation is perfect, n,= 1 or
1np = 1 means no quarantine or isolation at all; py= 1 or p, = 1 means a susceptible
(recovered) individual receives a negative testing result; p; = 1 means an infectious
individual receives a positive testing result (The test is 100% accurate).

Our model consists of the following system of differential equations. See Fig. 1 for
an illustration of the progression of individuals through testing and disease states.

ds,
dt“ = —AS, — 08y + w18, + w2 S,
ds
d’t"s = —NwASy, +60S, —aSy,,
ds,
n = _ASII + pSaSwr — W] Snv
dt '
ds
d_tp = _r]pASp + (1 - pS)aSw_( - w2Sp’
dl
dt“ =AS, — 01, + w1l + oy — yly,
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dl,.
— = 06, —aly, —yly,,
dt
dl
= = nwASws _alws - J/sts
dt
dl
d_tn = ASy + (1 — ppaly; + psaly, — o1l —yly,
dl
d—t” = npAS, + pialy, + (1 — poaly, —wl, —yI,,
dR
dtu =yl — R, + ©1 Ry + 02 R,
dR
— =0R, — aR,,,
dt
dRy,
dth =yly, —aRy;,
dRy,
Twé = ylw, — aRy,,
dR
dtn =yl + prQ’Rw, + (- pi)aRw,- + psaRws — w1 Ry,
dR
— =7y + (1= p)aRy, + piaRu; + (1 = p)o R, = 2Ry, (22)

with the nonnegative initial conditions

Su(0) = N — Iy, Su, (0) =0, $,(0) =0, §,(0) =0,
1,(0) = I, [wi 0) =0, st(o) =0, 1,(0) =0, Ip(o) =0,
R,(0) =0, Ry, (0) =0, Ry, (0) =0, Ry, (0) =0, R, (0) =0, R,(0) =0.

Since the total population is conserved, we can assume without loss of generality
N = 1. The parameters appearing in System (2.2) are presented in Table 1.

3 Model analysis
For convenience, we set
01 = {u, ws,n, p}, 02 = {u, w;, wg, n, p} and Q3 = {u, w,, w;, wy, n, p}.

First, we show that our model (2.2) is well posed and the disease eventually dies out.

Theorem 3.1 For any nonnegative initial condition, System (2.2) possesses a unique

solution, which remains nonnegative and is bounded for t > 0. Moreover,
lim I;(t)=0,j € Qs lim Ry, (t)=0and lim R, (1) =0.

t—+00 t——+400 —>400

Proof Using the proof similar to (Ji et al. 2022, Theorem 3.1), one can show that
System (2.2) possesses a unique solution, which remains nonnegative for any given
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Table 1 Model parameters

Symbol Description Value/Source
B Transmission rate [0.5,1.5] day_l Eikenberry et al. (2020)
y Recovery rate [0.071, 0.33] day_l Eikenberry et al. (2020)
0 Testing rate [0.2,0.5] day_1 [Assumed]
w] Rate back to untested group for 0.25 day_1 [Assumed]
individuals with negative results
w) Rate back to untested group for 0.071 day_1 WHO (2022)
individuals with positive results
o Rate of test return [0.33, 1] daly_1 Web (2022)
Di Testing accuracy for infectious individuals [0.7,0.9] Homza et al. (2021)
Ps Testing accuracy for susceptible individuals [0.7,0.9] Homza et al. (2021)
Or Testing accuracy for recovered individuals [0.7,0.9] Homza et al. (2021)
Nw Quarantine efficacy during the waiting period [7p. 1] [Assumed]
np Isolation efficacy for testing positive individuals [0, 7y, ] [Assumed]

nonnegative initial condition. In addition, this solution is bounded since the total
population is conserved. Adding all S-component and /-component equations of (2.2),
we obtain

d(Sicg, S0+ jeg, 150)
dt

=—y()_ 1;) <0. (3.1)

Jj€02

Therefore, Zie 0 Si(t) + > jc0s 1;(t) is decreasing. This, together with the non-
negativity, shows that the limit of Zite Si(t) + ZjGQz Ij(t) as t — 400 exists.
According to the Fluctuations Lemma (Hirsch et al. 1985), we conclude that

LA, SO+ Y, 1)
t—+00 dt

El

which implies hIJP I;j(t) = 0,forany j € Q5 via(3.1). Thatis to say for any € > 0,
t——+00

there exists a T > 0 such that /;(t) < €/y holds for t > T. In addition, from the
equations of Ry, and R, in System (2.2), we have

dRy, (1)
_— <<

€ —aRy (1), and
ot w; ()

dRy, (t
%() <€e—aRy, (1)

fort > T. Consequently, the comparison principle gives limsup, , , ., Ry, (t) < €/a
and lim sup,_, , o, Ry, (1) < €/a. Since € > 0 can be arbitrarily small, we obtain
Ry, (1), Ry, (t) — 0,as t — +oo0. O
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In the following theorem, we investigate the dependence of the basic reproduction
number Ry on the model parameters. The calculation of R and proof of this theorem
are given in the appendix.

Theorem 3.2 The partial derivatives of the basic reproduction number Ry given in
(A.1) with respect to model parameters have the following properties.

(1) Dy,Ro = 0and Dy, Ro > 0;

(2) If nw = np, then Dy, Ro < 0and Dy Ry > 0;

(3) Assume p; = ps = landn, = 0. Then DgRog < 0, Dy, Ro < 0and Dy, Ro > 0.
Further, if ny, = 0, then Dy Ry > 0 and if ny, = 1, then Dy Ry < 0.

Remark 3.3 Theorem 3.2 implies that improving isolation efficacy of individuals
receiving positive test results or quarantine efficacy of individuals awaiting for their
test results, by decreasing 1, and/or 7n,, respectively, always decreases the basic
reproduction number. If individuals with positive test results have better isolation than
those in the waiting period (1, < 1), then increasing accuracy of tests for infectious
individuals (increasing test sensitivity) or reducing accuracy of tests for susceptible
ones (reducing test specificity) lowers Ry. If isolation of individuals with positive
test results is perfect and testing is 100% accurate, increasing the testing rate, 8, or
lengthening the isolation period (decreasing w,) decreases Ro. Meanwhile, increasing
w1, the rate back to untested group for individuals with negative results, will also help
reducing the value of Ry. Further, the relation between R and test turnaround time,
«, depends on the quarantine efficacy, n,,: if individuals are perfectly quarantined
while waiting for their test results (n,, = 0), then a slower test turnaround (a longer
wait for test results, or equivalently, a lower value for «) leads to a lower Rg; while
if individuals do not self-quarantine at all while waiting for their test results, then a
faster return of test results leads to a lower Ry.

Theorem 3.1 implies the disease dies out eventually. After the epidemic passes, it
is of great importance to find the number of individuals who were infected during the
epidemic period, that is, the final epidemic size, F, defined as

F=) SO~ lim 3 S
€0 i€

Let S(t) = Zite Si(), I(t) = ZjeQz Ij(t), and R(t) = ZkeQ3 Ry (t). From
System (2.2), the dynamics of S, I and R are then governed by

ds
dit) = —A (Su(®) + NwSuw, (1) + Su () + 10, S, (1)),

diz_(:) = A (Su(®) + 1w Sw, (1) + Sa(®) + 0 Sp(1)) = ¥ 1(1), 3.2)

dR(1)

together with the nonnegative initial conditions S(0) = S, (0), I(0) = I,(0), R(0) =
0. Theorem 3.1 states that the solution of (2.2) is nonnegative, which implies that
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dS(t)/dt < 0. This, together with 0 < S(¢) < 1, shows that lim,_, y o, S(#) := S(c0)
exists.

Theorem 3.4 Suppose 1y, > 0 and n, > 0 and set n = min{ny, 1n,}. Then the final
epidemic size F of System (2.2) satisfies

$u(0) — $2(00) = F = 85,(0) — S1(00),

where S1(00) and S(00) are, respectively, the roots of the two closely related final
epidemic size relations given below

/O _ BT a0

I = [T = Sieon + L),
SO _BTe o )

et [5.0) = $2(00) + 21, 0)].

Proof Assume 1, # 0 and n, # 0 and set n = min{n,, n,}. We next estimate
the lower and upper bounds of S(co). Let (S1(2), I1(z), R1(t)) be the solution to the
following system

Sy =—-BSi11,
I = pn*Sih —yli, (3.3)
Ry =yI,

with the nonnegative initial conditions
$1(0) = 5,4(0), 11(0) = 1,(0), R1(0) = 0. (34
By a similar approach as in the proof of Theorem 3.1, we obtain
tligloo Ii(t) =0.
Adding the first two equations of (3.3) leads to
S|+ 1 = —yl. (3.5)

It follows from (3.5) that
o0 o0
/(nzsg(z) + I{(1)dt = —y/ll(t)dt.
0 0

By (3.4), we get

® 2 ) _ 2 )
/Il(t)dtz n-S1(0) + 1, (0) yn S1(00) = I1(00) _ 1 Su(0)+1u(y0) n 51(00)'
0
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Integrating the first equation of System (3.3) then yields

S 0
n ) 0@ ﬁ/h (dt = = [ 7*(S.(0) — Sy (OO))+IM(0)]. (3.6)
(00)

A comparison implies S(z), the solution of (3.2), satisfies S(z) > S1(¢) fort > 0,
which yields lim;— 400 S(#) > lim;— 1o S1(¢) := S1(00). In a similar manner, we
can prove S(t) < S2(t), that is, S(0c0) < lim;—, 4+ S2(f) := S2(00), where S () is
the solution to the following system

Sh=—Bn*S2 s,
=BSL —yh,
R, =yh,

with the nonnegative initial conditions
$2(0) = $4(0), 12(0) = 1,(0), R2(0) = 0;

and S (o00) satisfies

S, (0

n L ﬂ[Su(O) 2(00) + 171, (0)]. 3.7
$2(00)

This completes the proof. O

4 Numerical simulations

In this section, we numerically explore the dynamics of System (2.2). The parameter
values used for simulations are listed in Table 1, of which, four parameter values are
assumed for illustration purposes as no related references on these parameters are
available. In practice, the individuals with positive results will be isolated and the
individuals with negative results will not be isolated. Thus, we are more interested
in the effects of parameters related to the testing states of waiting, (o, 1y, 6), on the
dynamics of System (2.2).

We first take B = 0.5, w; = 0.25, w, = 0.071, y = 0.3, 1, = 0.4 and examine
how R depends on n,, € [0, 1] and «. Figure 2a plots R as a function of & and n,, in
three-dimensional space, where 8 = 0.5, p; = 0.8, p; = 0.8 from Table 1 are used.
If we fix n,, = 0.75, then, as seen in Fig.2b, R increases in « for o € [0, 0.28] and
decreases in « for @ € [0.28, 1].

Seta = 0.5, ny,, = 0.7. Ry is a decreasing function of 6 under the following three
cases:

(i) Forany py € [0, 1], fix p; = 0.8 and 1, = 0.4, see Fig. 3a;
(ii) Forany p; € [0, 1], fix p; = 0.8 and n,, = 0.4, see Fig. 3b;
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- 1.03
14 1.02 \
12 0 a=028
maz(Ry) = 1.0199
1 1
08 o 0.99
06 0.98
04 097
o 0.96 =
—_—Ry=1
0.95
0 0.2 0.4 0.6 0.8 1
o
(a) The value of Ro for 0 < 7y, < 1. (b) The value of R for n, = 0.75,0 < a < 1.

Fig. 2 The dependency of R( on «. Parameter values are f = 0.5, w; = 0.25, wp = 0.071,y = 0.3,
np =04, 0, =08, 0y =0.8and 0 = 0.5

(iii) Forany n, € [0, ny], fix p; =0, 8 and p; = 0.8, see Fig. 3c.

Fig. 3d depicts the values of Ry for different values of p;, o5, np selected from the
above three cases.

We denote the peak size by P = max;>0(}_ jeor 1 (t)) and numerically demon-
strate how « affects the final epidemic size, F, and the peak size, P. We choose the
initial condition S, (0) = 1 — 1074, Su, (0) = $,(0) = §,(0) =0, [,(0) = 1074,
Iy, (0) = 1), (0) = 1,(0) = 1,(0) = 0, Ry(0) = Ry, (0) = Ry, (0) = Ry, (0) =
R,(0) = R,(0) = 0,and take 6 = 02,8 = 05,y = 02,01 = 025, w0 =
0.071, p; = 0.8, p; = 0.8, p, = 0.8,7, = 0.4. Figure 4a—d indicates that as «
increases in [0.33, 1],

(i) F, P and Ry decrease for n,, = 0.82; see Fig. 4a-b.
(i) F, P and Ry increase for n,, = 0.6; see Fig. 4c—d.
(iii) F and P have a positive correlation with Rg for n,, = 0.82 or n,, = 0.6; see
Fig. 4a—d.
As shown in Fig. 4e—f, the final epidemic size F and the peak size P are non-monotonic
with respect to « for 1, = 0.75. For @ € [0.33, 1], we observe that

(i) F isincreasing for @ € [0, 33, 0.464] and decreasing for « € (0.464, 1]; F has
a positive correlation with R for o € [0.33, 0.464] U [0.6047, 1] and a negative
correlation for a € (0.464, 0.6047); see Fig. 4e.

(i) P increases for @ € [0.33,0.7923] and decreases for « € (0.7923, 1]; P and
R are positively correlated for o € [0.33, 0.6047] U [0.7923, 1] and negatively
correlated for o € (0.6047, 0.7923); see Fig. 4f.

This observation indicates that F and P are not always positively related to Ry and
the value of n,, plays an important role to determine the relation. Under some circum-
stances (better quarantine while awaiting test results), faster test reporting (shorter
waiting period) may reduce the effectiveness of control (See Fig.4c—d). The basic
reproduction number, R, alone does not completely characterize the disease dynam-
ics and lowering the basic reproduction number may increase the final epidemic size
and the peak size (see Fig. 4e—f).
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(a) The value of Ro for 0 < p,,0 < 1. (b) The value of Ro for 0 < p;, 6 < 1.

£=08,0,=07,7,-04
—— 08,208,203
15 707,208,204
Ry=1

0 0.2 0.4 0.6 0.8 |
4

(¢) The value of Rg for 0 < n,,0 < 1. (d) The value of Ry for fixed values of 7,, p; and ps.

Fig.3 The effect of 6 on the basic reproduction number. The parameter values are 8 = 0.5, = 0.5, w] =
0.25,wp = 0.071,y = 0.3, ny = 0.7; for a, p; = 0.8, np = 0.4 and pg € [0, 1]; for b, pg = 0.8,
np =0.4and p; € [0, 1] for e, pj = ps = 0.8 and np €10, nwl

Finally, we explore how n,,, 6 affect F, P and peak time 7 at which je0s I;(t)
achieves its peak value. We observe that

(i) F, P and Ry increase, but 7 decreases as n,, increases; see Fig. 5a—c;
(i) F, P and Rg decrease, but 7 increases as 0 increases; see Fig. 5d—f;
(iii) F and P are positively correlated with R, and 7 has a negative correlation with
Ry (see Fig. 5Sa—f).

5 Summary and discussion

In this work, we incorporated testing processes into an SIR model to explore the
dynamics of the COVID-19 epidemic. Focusing on some parameters related to the
testing process, several results concerning the basic reproduction number, R, the
final epidemic size, F, and the peak size, P, were obtained.

We find that if good quarantine while awaiting test results is implemented (small
Nw), then slower but more accurate test reporting increases the effectiveness of control
(lowers the basic reproduction number). One interesting finding is that under some

@ Springer



81 Page 12 of 21 W. Xu etal.
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(c) The value of F and Ro for n, = 0.6. (d) The value of P and Rq for 7, = 0.6.

0.666 1.6775 0.1025 1.6775

1.677 1.677

a = 0.6047
maz(Rq) = 16775 16765 0.102 o = 0.6047 16765
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04 0.5 0.6 0.7 0.8 0.9 1 0.3 0.4 0.5 0.6 0.7 0.8 1
a a
(e) The value of F and Ro for 1, = 0.75. (f) The value of P and Ro for 1, = 0.75.

Fig. 4 The effect of « on final epidemic size and peak size for different n,,. The parameter values are
a €[0.33,1],6 =02, =05,y = 0.2, 01 =025, 0y = 0.071, p; = 0.8, ps = 0.8, p = 0.8 and
np =04

circumstances, the faster test reporting is (higher «), the smaller the basic reproduction
number, Ro, but the larger the final epidemic size, F (see Fig. 4e—f). This suggests
that lowering the basic reproduction number may increase the final epidemic size if
isolation and test reporting are not properly managed.

Our findings suggest that the effectiveness of control will be improved by increasing
the testing rate and increasing test sensitivity. This is not surprising as both lead to
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0

(e) The value of P and Ro. (f) The value of 7 and Ro.

Fig. 5 Effect of 1y and 0 on the final epidemic size, peak size, and peak time. Parameter values are
a=05p8=05y =020 =025w =0071,p; =038, pr =0.8, ps = 0.8, 7, = 0.4; for a—c,
nw € [0.4,1] and 6 = 0.2; for d—f, 6 € [0.2,0.5] and ny, = 0.7

faster and more reliable identification of infected individuals. On the other hand, it
is important that implement good self-quarantine by individuals who were tested but
haven’t received their testing results. Perhaps perversely, our model shows a benefit
of delaying tests returns and reduced test specificity if strict self-quarantine is adhered
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to while awaiting results. In practice, our expectation is that this would reduce public
confidence in testing and lead to reduced adherence to self-quarantine.

We point out that our model can speculate on effect of including more disease states
such as exposed, infectious but asymptomatic, and infectious with symptoms (Ge et al.
2020). Our analysis extends the results of Arino et al. (2007) to allow for transitions
between susceptible states, but does not incorporate their generality of disease states.
Our future work will close this gap.

Acknowledgements We are grateful of two anonymous referees for their careful reading and helpful sug-
gestions which led to an improvement to our original manuscript. HS acknowledges the supports from the
National Natural Science Foundation of China (No. 11971285), the Fundamental Research Funds for the
Central Universities (No. GK202201002), and the Natural Science Basic Research Program of Shaanxi
(No. 2023-JC-JQ-03). WX acknowledges the financial support of a scholarship from the China Scholarship
Council while visiting the University of New Brunswick. LW and JW acknowledge the support from the
NSERC of Canada. XSW acknowledges the support from the Louisiana Board of Regents Support Fund
under contract No. LEQSF(2022-25)-RD-A-26.

Appendix
A Calculation of basic reproduction number

We calculate the basic reproduction number by the next generation matrix method
(van den Driessche and Watmough 2002). It is readily seen that System (2.2) has a
unique disease-free equilibrium (DFE), which is the solution of

OS: = 0)15;: + wrS*,
08, =as, ,
psaS:)S = CUIS:7

(I = ps)as,, = wS,,
with S; + S5, + S + S, = 1. Specifically, the DFE is given by
Eo = (S, Sy, Sy 55,,0,0,0,0,0,0,0,0,0,0,0),

where

0 psO

11— 0 1
S:Zs = ES;’ S)T = ﬂs*

* and S = ] .
© Lo (L+ 2+ 150

S* §* =
w P

The Jacobian matrix associated with the infectious compartments at E is given by

BS; —0—vy BnwSy BnwS; BS; 4+ wi BnpSy + an
0 —a—y 0 0 0
J=| BnuS;, Bn%Ss, B Sh —a—y BrwSy, BuwnpSy,

BS, BnwSy + (1 —p)a  PnuSy+psa  BS; —w1—y BnpSy
BnpS, BipnwSy + picc BupnuSy+ (L —p)a  Bn,Sy  BnaShy—wr—y
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We decompose J = F — V, where

Sa NSy TSy Su MpSu

0 0 0 0 0
F=8 an:;S nwan;‘;s nwan:;X an:;S nwnpS;‘;S )

S;zk an: 77wS;>1k S;qk 77[15:

npSy, NpnwS, NpnwS, NpS, npnpS),

and
0+y 0 0 —w; —w)
—0 a+y 0 0 0
V= 0 0 a+y 0 0
0 -(I-p)a —pa wor+y 0
0 —pie  —(l—pJa 0 wr+y

R is the spectral radius of F V~! (van den Driessche and Watmough 2002), defined
by Ro = r(FV~!). Note that F = BF[ Fp, where Fi = (S}, 0, 7,85 , Sy 1,55)
and F> = (1, ny, nw. 1, p) are two row vectors. It follows from (Osnaga 2005,
Proposition 1) that Ry = r(ﬁFlTFQV_l) = /3F2V_1F1T. Denote @ = /(o + y),
0 =06/604+y),wn = w/(w +v),and ©; = wy/(w2 + y). We also set D =
diag(1-)"" - L d-o L d-—wp ", d-—w)™ "), W, = &a(l —
pi) + @napi, Wy = ana(l — py) + draps, Wi = a(l — ps) + 016 (p; + ps — 1),
Wa = @a*0(1 — p; — ps) + apy, and

1 0 0 —w; —w2
—0 1 0 0 0
v=1]0 0 1 0 0
0 —(1-pj)a —psa 1 0
0 —pa —(A-popa 0 1

We observe V = yVDand V~! = (1/y)D~'V~!, where

- 1
V = —_X
1 - W0

1 W; Wi 1 1By

0 1 W6 160 @20

0 0 1— w6 0 0

@l —p)a(l—p) W 1—analp @ab(l—p)
af p; pia Wi wrafp; 1 —wad(l — p;)
Consequently,

Ro=—FD 'VIF. (A.1)

@ Springer



81 Page 16 of 21 W. Xu etal.

B Proof of Theorem 3.2 (1)
We observe that in (A.1), D~!V~! is nonnegative and independent of the 7,, and 1 -

Then Ry is a quadratic polynomial in n,, or n,. Hence, the derivative of Ry with
respect to 7y, or 1, is nonnegative.

C Proof of Theorem 3.2 (2)
By simple calculations, we obtain

—w1w2a2,89c§i cfi

D,R

Ro = R (C.1)
y (o + y)(c])2cy

where

' =(@m+ ) [@+y)O+y+w)+0o]+apibdw — o),
b = w1 [w2(a +0) + ab(1 — py) + wrabps],
c5' = (L=mp)@+y) @i +6+y) + @20 = nw) + @180 = 1p),

and
cf = wi[oa(a +y +nuw) + cfi | + wacly + el

see expressions of cf;;., j = 0,1,2 in Table 2. It is readily seen that for j = 0, 1, 2,
cf} > 0 ssince ps € [0, 11, which implies ¢}’ > 0. If further 7, > 1, and p;, np, N €
[0, 1], then c,f" > 0, k = 1,2, 3 holds. Hence, by (C.1), we derive D, Rp < 0 if
Pis Ps> Nw, Np € [0, 1] and ny > np.

We next take the derivative of Ro with respect to p,, and get

wiwy 2 o P 2P o p
D, Ry = — {a) wrcy’ + 5’ +a)1[a)c‘r—|—a)zc“+cs]
P, y(a+y)cfl(cgz)2 1[ 1 2] 2%3 4 5
+0 [ay(oe + y)2(1 — nf,)(@ +y)+ w%cg + a)zcg“]] , (C.2)
where

e =P —np) +oPely +act + .

¢ =y (g, = 10O + )+ (1 =)y + ynp +npbp) + a’chy + achi,
=001 —ny) [a2 +a 2y +nw) +nub] + v +yne + 2nw0)] ;
=1 —np) [y +02—p)] +a? [cf&; +0cf) + 9205{5] +achy + i,

&= @+ ) |2~ 6 + ) +ack; +aie),
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Table2 The expressions of b?j and cff;.

Notation Expression

vy Y21+ nw) + 21 (1 + 10)B + 27,67

b Y G4 ) + 21+ 70)0

b 27201 = ) [0+ 1) + 2701 + 1) + 20067
b, 27 (1 = nw) [2y2(2+nw)+5y6(1 +?7w)+377w02}
bg, Y211 = 8n — 202) + 2y (4 = 312)0 + (2 — nu)nwb?
b Y= 1) [0 1) + 2700 + 1) + 2067

) (1= ) [Y2G + 1) + 4701 + 1) + 20067

A Y (= 1) [272@ 4 ) + 276G + 1) + @ + )]
b (U= 1) [ Y26+ 1u) + 670 +62(1 + 1)

o, Y= ) [272G + ) + 2705 + ) + 62G + 2n0) |
bg, Y25 — 4nw) + 08 — 6nw) + 021 + nw)

bl y( = nw) [)/2(3 + 1) +2y0(3 + 1) + 202 (1 + nw)]
by Y23 = 20w) + y0(6 — 4nw) + 6>

I v+ ) [y +0@p +ps — npps)]

o aly +npf —p)]+v [v +0mp — npos + nwps)]
b aly +6ps) +v [y + 00w + ps — nwps)]

c =0 —nw) [az(Zy +6 —0p;) + acl; + y*(1 +nw)(0 + V)] ,
and
P =(a+y) [azcg’g Fack +y2(1 - 12)0 + y)] :

see the expressions ofcf; in Table 3. We claim in cfg, dy = 1p2pi—1=4ny)+nw @+
Nw — 2nywpei) = 0.1f 2p; — 1 —4ny,) > 0, it obviously holds; if 2p; — 1 — 41, < 0,
thenny > npandny, € [0, 1yieldn, < 0y < nw@+nw —2nyw0ei)/(1+40, —2pi),
which is equivalent to d; > 0. Note that 0y, 7, p; € [0, 1] and 1y, > 5,. Therefore,
c'.(;f >0,c” >0forl <i<7,1< j < 3.1t follows from (C.2) that D, Ro > 0.

1

D Proof of Theorem 3.2 (3)

We first calculate DgRo, Dw, Ro and D, R when p; = p; = 1 and n,, = 0. Then,

@ Springer



81 Page 18 of 21 W. Xu etal.

Table 3 The expressions of cfj‘.‘

Notation Expression

1o yO iy — np)(y + ynuw + 2nwd)
o YL =0y + nw® + 1+ (w — 1p)0 [27 (1 + nw) + 1wb)]
Cf% 7(1*’7;7)(2+77w)+0(77w*77p+77w(1*7];7))

G v —nd) +vemd — ik + 20w - 22) + 620+ p G — )

g5 220 =2+ np G = 0p)62pi + 0 [ 20w = 13) + npei(1 = )]

VA —np) Q4w

oA y(1=np)(d+ 30w — pp)

i (nw — np)(1 = pi) + 1w (1 = np) + nppi (1 = nw)

‘ﬁ 4 {V(l —np) [y (1 +nw) + G+ 4ny)0] + 02(np2p; — 1 — 4ny) + 1w @ + ny — 2nwm)]}
s Y2 = 0p)0(y + ynw + 2nub)

L v [ra-nd)+ 200w - )]

g5 A=) [P mp) +v0@+ 20y — o)+ 1p6%01

A Y [y G+ nw) + (1 +nw)0Q2 — p)]
75 (A =np)O0 + vy +vpi —0pi)
o Y [yB=np —nw —npnw) +20(1 — npnw)]

—w10B {b) + f [03b] + wabf + b]] + w1 [03b] + @bl + bE]}
(@1 +y)@+y) @b + o1 (@ + 0P [(@+ 1O +7) + o@+y +0)]
D.1)

DgRo =

where

by = wra’ (@ + )07 [(w2 + y)(1 — nw) + ],

by = (a+ y)(1 — ) 2a® + by + abl)),

bg =a*+a’ [y(6 —4ny) + 29] + azbgz + abgl + bgo,

by =y+y) {a3 +a? [y —2nw) +26] + abf, +b§0} ,

b =203 (1 — 1)@ + ) + &?bl + abfy +y*(1 = n2)O + y)°,

bg =(x+y) [0[3()/ +20) + azbgz + abgl + 2)/2(1 — ni])(é’ + )/)2] ,

and
by =y@+ ) [P2U =)@ + )P+ +20) + b, + abfy |
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see the expressions of b?j in Table 2. It follows from n,, € [0, 1] thatfor 1 <i <6

and 0 < j < 2 all the above bfj > 0, which implies 5/ > 0. Then, DgRo < 0 if
pi = ps = 1,1, = 0. A simple calculation yields

Do Ro w1 B0(a +y 4+ nwb) [(@ + y)(O0 + v) + wi(@+ ¥ + nub)]
’ y (@1 + 7))@ +7) (@8 + o +0)] [@+ 1)@ + 1) + o+ y + )]

We obtain from the above equation that D,,Ro > 0. Moreover, we have

—ap6® [y [wabg" + b7 | + @f [02b5" +b5'] + 201y [waby" + bS]}
0= s
Y@+ )2+ y) (@b + o1+ 01 [(@+ 1)@ +y) + o +y +60)]
(D.2)

Do R

where

by = (= na) {y2(1 + 1)@ + ) + 2@y +6) + ay [y 3+ nu) +26]}
B = @ )0 + ) [@ + 2y (1= ) + 20 = 03],
b = (1= o) o + @ [20 (1 + ) + 006 + v (v + v+ 2m00) |
by =y {a? + 2l = m)ly + 0@ + )1+ y (=) + 70 +2000) |
by' = (o + )1 — nw) [2a + (1 + 0u) O + )]

and

b =0+’ [y(3—2nw) + 6] + (1 — nu)y {ay G+ nw) + (1 +nu)[200 + v (0 + )1} .

Since n,, € [0, 1], all the above b?" > 0for 0 <i < 5. Thatis to say D, Ro < 0 for
pi = ps = 1,and n, = 0.
If further n,, = 0, taking the derivative of R in « yields

BOwi [ (w2 + y)ai + 0(arz + w3ai3) + w1 (w2 + y)ais)

y(@1 +7) [0 + or@+ 0P [(@+ 1)@ + ) +ore+y +0)]"
(D.3)

Dy Ry =

where

aig = (@ + )0 +y) + w22 +2a@ + ) + v @ + )],
a1 = 7@+ 0 + 1) + oy @ + ) [ + 2@+ 9O +y +a)].
a3 =2ay@ +y) +y @ +y)* +a*Qy +0),
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and
ais =@+ )20 +9)*+ o [2a(9 +) 24+ 70+ ) +a*Qy + 39)] .

Clearly, Dy Ro > Osince ayq, aiz, a1z, aj4 > 0in (D.3). On the other hand, if Nw = 1,
then

DaRO

_ —w1apf {a(@r +y)(@ + )00 + ¥)* + o [wra21 + azn] + o1 [azs + wranl}

@@t y)?lad for@+ 0P [@+ )0 +y) + o +y +0)]
(D.4)

where

a1 = (@ +y +0)>[2y0 + (0 + )],
an=yO+vy) [a3 +2y0(0 4+ y) + 2% (y 4+ 20) + a(y? + 670 + 292)] ,

ar = y@+ )0 +7) [2)/0(0 F )+ +36) +a(y? + 570 + 492)] ,
and

ar = 29200 + y)? + (2 + 4y0 +20%) 4 2% (y3 + 57260 + 5y6% 4 6°)
+ay(y +8y20 + 12y6% + 503).

Therefore, D, Ro < 0 follows from a»1, axy, arz, ar4 > 0in (D.4).
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